Using a factorization of quasi n-maps we find a relationship between the module formed by the n-maps and the module formed by the quasi n-maps. In particular, we characterize the quasi cubic forms using a relation called the parallelepiped law. Moreover we give necessary and sufficient conditions for the equality of the modules of quasi cubic forms and cubic forms for any module M.
Introduction
In this paper, every ring is commutative and has a unity element. Every module is unitary.
Let R be a ring and M, N be R−modules. Let n ≥ 1 be an integer. We denote by M n the direct sum of n copies of M . A map f : M → N is called a n-map if it satisfies (1) f (λx) = λ n f (x) for every x ∈ M, λ ∈ R, and the map φ f : M n → N defined by
is R-multilinear. A map f : M → N is called a quasi n-map if it satisfies (1) and φ f is n-additive.
The following examples show that both conditions are necessary to define a quasi n-map. Example 1. Let Q(x) be a simple transcendental extension of the rational numbers Q and D a non-zero derivation on Q(x). We define a map f :
. Then f (λx) 6 = λ 3 f (x) for every x = a + b √ 2 and λ ∈ Q(x) such that a 6 = 0, b 6 = 0, λ 6 = 0, a 6 = b. Moreover, the map φ f : (Q(x)( √ 2)) 3 → Q(x) associated to f is given by
and it is 3-additive. Hence, f is not a quasi 3-map.
Example 2. Let R be the real numbers, M = R 2 and N = R. Let f : M → N be the map defined by f (x, y) = x 5 y 2 for every y 6 = 0 and
4 . Hence, f is not a quasi 3-map. As it is clear, any n-map is a quasi n-map. In general the converse is not true as we see with the following example: Example 3. Let Q(x) be a simple transcendental extension of Q and D : Q(x) → Q(x) a nonzero derivation. As it is clear, the map f :
and it is 2-additive but is not bilinear. Thus f is a quasi 2-map but it is not a 2-map.
In what follows we denote by F n (M, N ) the R-module formed by the n -maps and by QF n (M, N ) the R-module formed by the quasi n-maps, from M to N .
Linear factorization of quasi n-maps
Ferrero and Micali [1] proved that, for every R-module M , there exists a R-module Γ n (M ) and a n-map γ n : M → Γ n (M ) such that for every n-
If we denote by R (M) the free R-module with basis M and by M ⊗ n the tensor product of n copies of M , then
where {e x } x∈M is the canonical basis of
is generated by the family {γ n (x)} x∈M .
As a consequence of these results, we have
where
and a quasi n-map µ n : M → H n (M ) with the following property: for every
Thus φ f is Z -multilinear and consequently f is an n-map over Z. Hence, there exists a unique Z-linear mapf :
Finally, since the R−module H n (M ) is generated by the set {µ n (x)} x∈M = {π(1 ⊗ γ n (x))} x∈M , the uniqueness off follows fromf • µ n = f.
Corollary 1. For any R-modules M and N we have
. Hence, the exact sequences
The result follows now from (3) and Corollary 1.
Quasi cubic forms
We call the n-maps f : M → R n-forms.
Let M be an R-module. Given a map f : M → R, we introduce the following identity:
where the P is taken over all possible combinations of + and −. For n = 2 we have the well-known parallelogram law
Thus we call (4) the generalized parallelogram law. If φ f is n-additive then f satisfies (4) since
In particular, any quasi n-form satisfies (4).
When n = 3 we call (4) the parallelepiped law, in this case f satisfies
. Geometrically, this law gives a relation between the inner diagonals of the parallelepiped, those from the two contiguous faces and the common edge.
As proved by J. von Neumann and P. Jordan in 1935 for a more particular situation, if R is a ring such that 2 is not a zero divisor, then a map f : M → R satisfying (1) for n = 2 is a quasi quadratic form (i.e., a quasi 2-form) if and only if it verifies the parallelogram law. See Gleason [2] but notice that here we are using a different terminology and considering a more general situation.
Following the ideas given by Gleason, we give now a characterization of quasi cubic forms (i.e., quasi 3-forms) in terms of the parallelepiped law. Theorem 1. Let R be a ring. Assume that 2 is not a zero divisor in R. Let M be an R-module and f : M → R be a map. Then f is a quasi cubic form if and only if f satisfies the parallelepiped law and f (λx) = λ 3 f (x) for any λ ∈ R, x ∈ M .
Proof. As mentioned above any quasi n-form satisfies (4). In particular, any quasi cubic form satisfies the parallelepiped law.
Assume now that f satisfies the parallelepiped law and f (λx) = λ 3 f (x) for any λ ∈ R, x ∈ M . To conclude that f is a quasi cubic form we have to prove that φ f is 3-additive. Since φ f is symmetric in each variable, it suffices to prove the additivity in the first variable.
Using the fact that f (−x) = −f (x) for each x ∈ M, by adding the identities
we obtain the identity
This identity together with (5) implies
It follows from this by using the sum of the identities
and (5) that
Letting x 0 = 0 we obtain φ f (x, 2y, 2z) = 4φ f (x, y, z). Hence
and the result follows.
We remark that the condition 2 is not a zero divisor is necessary as the following example shows:
Example 4. Let F 2 be the field with 2 elements and f : F 2 [x] → F 2 the map defined by f (0) = 0, f(p(x)) = 1 for every p(x) 6 = 0. Then it is clear that f satisfies the parallelepiped law since 2 is a zero divi-
Hence f is not a quasi cubic form.
There exist quasi trilinear forms that are not nearly alternating, as it is shown in the following example.
Example 5. Let R and M be Z / 25Z and Z / 5Z respectively. Let f : M → R be a function defined by f (a+5Z) = 5a 3 +25Z ∀ a ∈ Z. Then f satisfies the parallelepiped law and f (λx) = λ 3 f (x) for any λ ∈ R, x ∈ M. Theorem 1 implies that f is a quasi cubic form so that, its associated form φ f is 3-additive. Morever φ f is a quasi trilinear form and for any x ∈ M, φ f (x, x, x) = 6f (x) = 6f (a + 5Z) = 6 · 5a 3 + 25Z = 30a 3 + 25Z = 5a 3 + 25Z 6 = 0. Therefore φ f is not nearly alternating.
Using Theorem 1 and following the ideas of Davison[3] , we improve the result of Proposition 2 in case of the R-module, M = R 3 .
Denote D(R 3 , R) the R-module of nearly alternating and quasi trilinear form of R 3 to R.
Remark 2. D(R 3 , R) 6 = Ø. Let f : Z/9Z → Z/9Z be a function defined by f (a + 9Z) = 3a 3 + 9Z ∀ a ∈ Z. Then f satisfies f (λx) = λ 3 f (x) for any λ, x ∈ Z/9Z, and by Remark 1, φ f (x, x, x) = 6f (x) = 6f (a + 9Z) = 6·3a 3 +9Z = 18a 3 +9Z = 9Z. Therefore φ f is nearly alternating. Moreover φ f (x, y, z) = 9Z ∀x, y, z ∈ Z/9Z. Then φ f is a quasi trilinear form. Theorem 2. Let R be a ring. Assume that 2 is not a zero divisor in R.
Proof. Let f ∈ QF 3 (R 3 , R), then f (λ, λ, λ) = λ 3 f (1, 1, 1) by Theorem 1. Define the form g : R 3 → R, by g(α, β, γ) = αβγf (1, 1, 1) then g is a cubic form.
Let g be an element in
. Since g is 3-additive we have that
and g(1, 0, 1) = g(1 + 0, 0, 1) = g(1, 0, 1) + g(0, 0, 1).
Therefore g(1, 0, 0) = g(0, 1, 0) = g(0, 0, 1) = 0. Moreover, since g is a cubic form we consider the trilinear form φ g (x, y, z) = g(x + y + z) − g(x + y) − g(x + z) − g(y + z) + g(x) + g(y) + g(z) associated to g. If x = (α, 0, 0), y = (0, β, 0) and z = (0, 0, γ) then the 3-additivity of g implies that g(α, β, 0) = g(α, 0, γ) = g(0, β, γ) = 0. On the other hand, since g is a quasi trilinear form we have that g(α, 0, 0) = α 3 g(1, 0, 0) = α0 = 0. Similarly we prove that g(0, β, 0) = g(0, 0, γ) = 0. That is for every α, β, γ, ∈ R we have proved that φ g ((α, 0, 0), (0, β, 0), (0, 0, γ)) = g(α, β, γ) Finally, since g is a cubic form, φ g is a trilinear form. Using that g is nearly alternating we obtain that g(α, β, γ) = αβγg(1, 1, 1) = αβγ · 0 = 0. Therefore g = 0 and the sum is direct. using the generalized parallelogram law. Moreover they also think that the results concerning to the universal n-map, γ n given in [1] , can be brought to the context of quasi n-maps with µ n playing the role of γ n .
